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Introduction

Path signatures

Given a (C1) path X : [0, 1]→ Rd, we can define its (continuous)
signature σ(k) ∈ T k(R):

σω1...ωk
(X) =

∫
0<t1<···<tk<1

X ′ω1
(t1) · · ·X ′ωk

(tk)dt ,

defined for ωi ∈ {1, . . . , d}.
These satisfy the shuffle relations:

σω(X)στ (X) =
∑

α∈ω τ

σα(X) .

Example: σ1(X)2 = 2σ11(X).
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Introduction

Discrete path signatures

Given a sequence of vectors X = (X0, . . . ,XN ) ∈ (Rd)N+1, we can
define its (discrete) signatures:

Sp1,...,pk(X) =
∑

1≤t1<···<tk≤N
p1(X

t1 −Xt1−1) · · · pk(Xtk −Xtk−1) ,

defined for pi non-constant monomials in {x1, . . . , xd}.
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Introduction

Discrete path signatures

X =

[
1 3 3 2
2 1 1 2

]
, N = 3, d = 2.

p1 = x1x2 and p2 = x1 so k = 2.

Sp1,...,pk(X) =
∑

1≤t1<···<tk≤N
p1(X

t1 −Xt1−1) · · · pk(Xtk −Xtk−1) ,

Sp1,p2(X) =p1(X
1 −X0)p2(X

2 −X1) + p1(X
1 −X0)p2(X

3 −X2)

+ p1(X
2 −X1)p2(X

3 −X2)

=2× (−1)× 0 + 2× (−1)× 1 + 0× 0× 1 = −2 .

X ∈ (Rd)N+1 → X ∈ (Rd)N+1 (p1, p2)→ 12|1
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Introduction

Recovering paths

Tree-like excursions→ Time warping
Recovering paths from signature was done by Pfeffer, Seigal and
Sturmfels

Inverse problem: given a signature of a polynomial path, what is
the specific path that we started with?
Optimal path with a given signature (minimal distance covered,
etc.)

This should all be possible in the discrete world.
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Shuffle relations

Where do discrete signatures live

For d = 2 and h ≤ 3, we have the following Id,h

I2,1 = {1, 2}

I2,2 = {11, 12, 22, 1|1, 1|2, 2|1, 2|2}

I2,3 ={111, 112, 122, 222, 1|11, 1|12, 1|22, 2|11, 2|12, 2|22, 11|1, 11|2, 12|1,
12|2, 22|1, 22|2, 1|1|1, 1|1|2, 1|2|1, 1|2|2, 2|1|1, 2|1|2, 2|2|1, 2|2|2}
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Shuffle relations

#Wd,h h = 1 h = 2 h = 3

d = 2 2 7 24
d = 3 3 15 73
d = 4 4 26 164
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Shuffle relations

Shuffle relations→ quasi-shuffle relations.

Sω(X)Sτ (X) =
∑

α∈ω τ

σα(X) .

Example: Sx1(X)Sx2(X) = Sx1,x2(X) + Sx2,x1(X) + Sx1x2(X).
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Shuffle relations

Quasi-shuffle

Sx1(X)Sx2(X) =

 ∑
1≤i≤N

x1(X
i)

 ∑
1≤i≤N

x2(X
i)


=

∑
1≤i,j≤N

Xi
1X

j
2

=
∑

1≤i<j≤N
Xi

1X
j
2 +

∑
1≤j<i≤N

Xi
1X

j
2 +

∑
1≤i≤N

Xi
1X

i
2

= Sx1,x2(X) + Sx2,x1(X) + Sx1x2(X)

Extra term comes from measure zero diagonals.
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Universal varieties

The varieties - continuous case

Wd = {1, . . . , d}.
Wd,k the set of words of length k on the charactersWd.
The variety Ud,k,N is the closure of the image of σ(k) on polynomial
paths of degree N . In this way, Ud,k,N ⊂ RWd,k = T (k)(Rd).

Ud,k,1 ⊂ Ud,k,2 ⊂ · · · .

Let Ud,k be the limit of this chain.

Theorem (Améndola, Friz and Sturmfels 2020)

Ud,n is precisely the image of the closure of σ(k).
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Universal varieties

The varieties

Md the set of non-constant monomials on {x1, . . . , xd}.
Id the set of words inMd.
Height of a word ~p = (p1, . . . , pk) inMd

h(~p) =
∑
i

deg pi .

Do not mistake height of a word with its lenght, generally smaller.
Id,h the set of words inMd of height h.
The variety Vd,h,N is the closure of the image of S : (Rd)N → RId,h . In
this way, Vd,h,N ⊂ RId,h .

Vd,h,1 ⊂ Vd,h,2 ⊂ · · · .

Let Vd,n be the limit of this chain.
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Universal varieties

Some dimension considerations

Theorem (Hoffman 2000)
Shuffle algebra and quasi-shuffle algebra are isomorphic via an
exponential map.

Theorem (Améndola, Friz and Sturmfels 2019)
The dimension of Ud,n is λd,n − 1, where λd,n is the number of Lyndon
words on d characters of length at most n.

Theorem (Belingeri, P. and Sturmfels 2023)
The dimension of Vd,h is µd,n − 1, where µd,n is the number of Lyndon
words onM of height at most h.
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Universal varieties

#Wd,h h = 1 h = 2 h = 3

d = 2 2 7 24
d = 3 3 15 73
d = 4 4 26 164
µd,h h = 2 h = 3 h = 4

d = 2 2 4 12
d = 3 3 9 36
d = 4 4 16 80
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Universal varieties

Some degree considerations

The degree of Vd,h is related with the number of solutions of an
inverse problem.

Figure: A paraboloid, degree two and dimension three variety. Credit to
Krishnavedala - Wikipedia

Theorem (Bounds on the degree of this variety)

Coming soon!
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Small cases

Small cases

We can compute dimension and degree of Vd,h,n using Macaulay2.

dim V2,2,2 V2,2,3 V2,3,2 V2,3,3
dim 2 4 4 (?)
deg 2 8 27 (?)
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Literature

Thank you
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